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UNIQUENESS OF THE APPROXIMATIVE TRACE
Manfred Sauter
Abstract. We study the approximative trace for individual elements in the Sobolev space
W 1,p(Ω) for 1 ≤ p ≤ ∞. This notion of a trace was introduced for p = 2 in [AtE11] in the
setting of general open sets Ω ⊂ Rd. The approximative trace exhibits a curious nonuniqueness
phenomenon. We provide a detailed analysis of this phenomenon based on methods of geometric
measure theory and are able to give very weak geometric conditions that are sufficient for the
uniqueness of the approximative trace. In particular, we prove that the approximative trace
is unique on open sets with continuous boundary and on arbitrary connected domains in R2.
Furthermore, we provide an example which shows that the uniqueness of the approximative
trace depends on p. These results answer several open questions.
1. Introduction
The purpose of this article is to study the approximative trace of individual elements in the
Sobolev space W 1,p(Ω) for 1 ≤ p ≤ ∞ on a general open set Ω ⊂ Rd. On the boundary ∂Ω we
consider the (d− 1)-dimensional Hausdorff measure Hd−1. If Ω is a bounded Lipschitz domain,
there exists a unique bounded linear operator Tr : W 1,p(Ω)→ Lp(∂Ω) such that Tru = u|∂Ω for
all u ∈ W 1,p(Ω) ∩C(Ω); the operator Tr is called the trace operator on W 1,p(Ω). This classical
result plays a decisive role in analysis, allowing the usual calculus in the form of the divergence
theorem and Green’s formulas in the setting of Sobolev functions.
In this paper, however, we consider W 1,p(Ω) on a completely general open set Ω. It is
well-known that the above trace operator does not exist for a domain with sufficiently irregular
boundary. For example, one cannot even expect integrable traces if Ω has a suitably sharp
outward pointing cusp.
Still, it is natural to define approximative traces for individual elements as follows. For
simplicity, let us suppose for a moment that Ω is bounded and Hd−1(∂Ω) <∞. Let u ∈ W 1,p(Ω)
and ϕ ∈ Lp(∂Ω). We call ϕ an approximative trace of u if there exists a sequence (un) in
W 1,p(Ω) ∩ C(Ω) such that un → u in W 1,p(Ω) and un|∂Ω → ϕ in Lp(∂Ω). This notion turned
out to be useful to treat boundary value problems, see the recent paper [CHK16, Section 4]
for several striking applications, or the Dirichlet-to-Neumann operator on rough domains,
see [AtE11]. These are good reasons to study the approximative trace systematically, which is
the purpose of this article.
Clearly not every u ∈ W 1,p(Ω) needs to have an approximative trace, but even the uniqueness
can fail: There exist bounded, connected open sets Ω ⊂ R3 such that the zero function in
W 1,p(Ω) has a multitude of nontrivial approximative traces; see [AW03, Example 4.3] and [BG10,
Section 3, last paragraph on p. 941] for two examples. This lack of uniqueness is a most curious
phenomenon and difficult to understand geometrically.
The uniqueness of the approximative trace, i.e. that the zero function in W 1,p(Ω) has only
the trivial approximative trace, can be reformulated in terms of the closability of the Robin
Dirichlet form. In fact, it was in this context, inspired by an inequality due to Maz′ya [Maz11,
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Corollary 2 in Section 6.11.1], that the question of uniqueness occurred in [Dan00] and [AW03].
While the lack of uniqueness of the approximative trace was always considered to be rare and
pathological, up to now there has been no geometric criterion asserting uniqueness that really
goes beyond Lipschitz boundary.
We list the four main contributions of this paper.
1. If Ω has strictly positive Lebesgue density at Hd−1-a.e. z ∈ ∂Ω, then the approximative
trace is unique; see Theorem 4.15.
2. If Ω has continuous boundary, then the approximative trace is unique; see Theorem 4.11.
3. If Ω ⊂ R2 is connected, then the approximative trace is unique; see Corollary 5.4.
4. We present an example of a connected domain Ω ⊂ R3 where the approximative trace
is not unique for small p, but unique for p large; see Example 6.2. We additionally
arrange that for certain values of p the approximative trace is not unique even though
every element of W 1,p(Ω) has an approximative trace; see Example 6.5.
The first item constitutes a weak measure geometric criterion for the uniqueness of the
approximative trace. The results in the second and third item are based on this criterion,
but both of them additionally require sophisticated tools from geometric measure theory. In
particular, for the third item we need a description of indecomposable sets of finite perimeter
in two dimensions from [ACMM01]. Both the second and third items were conjectures in
circulation for several years which are now confirmed. The construction of the example is based
on a uniform continuity property of functions in W 1,p(Ω) for p > d established in [BS01].
Despite being a recent notion, the approximative trace is already embedded in a rich
theory. As we pointed out above, it is intimately connected to the Robin boundary value
problem and the Dirichlet-to-Neumann operator. Moreover, there exists an associated notion
of capacity, the relative capacity as introduced and studied in [AW03] and [Bie09b, Bie09a].
The space of elements with approximative trace zero always lies between the spaces W 1,p0 (Ω)
andW 1,p0 (Ω) = {u ∈ W 1,p(Ω) : the extension of u by 0 is in W 1,p(Rd)}, see [Sau13, Chapter 7],
and the stability of the Dirichlet problem is characterised by the coincidence of the three
spaces [Hed00, Theorem 9].
We close this introductory section with a brief outline of the paper. In Section 2 we introduce
notation and preliminary results. We then characterise the approximative traces of the zero
function in W 1,p(Ω) in Section 3 using lattice theory and the notion of the relative capacity. In
Section 4 we prove our measure geometric criterion for the uniqueness of the approximative
trace and establish uniqueness if Ω has continuous boundary. The following Section 5 features
the uniqueness of the approximative trace if Ω ⊂ R2 is connected. Finally in Section 6 we
present an example where the uniqueness of the approximative trace depends on p, point out
connections to Maz′ya and Burago’s rough trace and hint on some applications for our results.
2. Notation and preliminaries
If not explicitly stated otherwise, we consider a general nonempty open set Ω ⊂ Rd. In
particular, we do not assume that Ω is bounded, connected, has finite Lebesgue measure or has
a boundary with finite Lebesgue or Hausdorff measure. We denote the topological boundary of
Ω by Γ. For convenience, the function spaces considered in the following are supposed to be
real since lattice theoretic arguments are used later on.
We define the locally finite part of Γ by
Γloc :=
{
z ∈ Γ : there exists an r > 0 such that Hd−1(Γ ∩B(z, r)) <∞}
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and set Γinf := Γ\Γloc. Then Γloc is σ-compact and relatively open in Γ, and (Γloc,B(Γloc),Hd−1)
is a locally finite, σ-finite, Borel regular measure space. Moreover, if d > 1 then this space is
atomless by [Fre03, Exercise 264Yg].
We denote by L1loc(Γ) = L1loc(Γ,B(Γ),Hd−1) the vector space of locally integrable
functions on Γ, where we identify functions that agree Hd−1-a.e. on Γ. Note that if
ϕ ∈ L1loc(Γ), then ϕ = 0 Hd−1-a.e. on Γinf. Therefore one can naturally identify L1loc(Γ)
with L1loc(Γloc,B(Γloc),Hd−1). Moreover, if A ⊂ Γ is a Borel set, then we consider L1loc(A) as a
subspace of L1loc(Γ) in the obvious way after extending functions by zero. We equip L1loc(Γ)
with the locally convex topology induced by the family of seminorms ‖·‖K : ϕ 7→ ‖ϕ1K‖1 for
all compact K ⊂ Γloc. It is easily observed that L1loc(Γ) is completely metrizable, and hence a
Fréchet space. In the following we let Y = L1loc(Γ) if not explicitly specified otherwise.
Definition 2.1. For 1 ≤ p ≤ ∞, let u ∈ W 1,p(Ω) and ϕ ∈ Y . Then ϕ is called an approx-
imative trace of u in W 1,p(Ω) if there exists a sequence (un) in W 1,p(Ω) ∩ C(Ω) such that
un|Γ ∈ Y for all n ∈ N and
un → u ∈ W 1,p(Ω) and un|Γ → ϕ in Y .
Moreover, we define the set
Zp :=
{
ϕ ∈ Y : ϕ is an approximative trace of the zero function in W 1,p(Ω)}.
In [AtE11, Dan00, AW03] only the Hilbert space case p = 2 was considered with approxim-
ative traces in the space Y = L2(Γ). In [AW03], however, also measures different from Hd−1
were admitted on Γ.
It is easily observed that in general not every element of W 1,p(Ω) has an approximative trace.
To this end, let us introduce the space
W˜ 1,p(Ω) = W 1,p(Ω) ∩ C(Ω),
where the closure is taken in W 1,p(Ω). In general, W˜ 1,p(Ω) is a proper closed subspace of
W 1,p(Ω); see [Kol81] for such an example where Ω is topologically regular and [O’F97, Section 1]
for a discussion of related results. Clearly only elements of W˜ 1,p(Ω) can possibly have an
approximative trace. Yet, if Ω has a continuous boundary, one has W 1,p(Ω) = W˜ 1,p(Ω) for all
1 ≤ p <∞ due to the following result, where the second statement follows from an inspection
of the proof.
Proposition 2.2 (see [EE87, Theorem V.4.7]). Let Ω ⊂ Rd be open with continuous boundary
and 1 ≤ p < ∞. Then {u|Ω : u ∈ C∞c (Rd)} is dense in W 1,p(Ω). Moreover, if u ∈ W 1,p(Ω)
with u ≥ 0 a.e. on Ω, then there exists a sequence (un) in C∞c (Rd) such that un|Ω → u in
W 1,p(Ω) and un ≥ 0 for all n ∈ N.
Moreover, if Ω has a sufficiently sharp outward pointing cusp with tip at 0, then the restriction
of an element of W 1,p(Ω) ∩ C(Ω \ {0}) to the boundary does not need to be locally integrable
at the tip of the cusp. Such an example is given in [AtE11, Example 9.1]. This suggests that
in such a case it would be more natural to consider weighted local integrability of the trace,
where the weight depends on the local geometry of Ω at the boundary. We will not pursue this
here and always consider the measure Hd−1 without an additional density on Γ.
The phenomenon that is of foremost interest here is that in general the zero function in
W 1,p(Ω) may have nontrivial approximative traces; in other words, Zp does not need to be
trivial. If Zp is trivial, we say that the approximative trace is unique in W 1,p(Ω), and if
Zp is not trivial, then we say that the approximative trace is not unique in W 1,p(Ω). In
Figure 1 a particularly simple example of a domain in R2 is depicted, where the approximative
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Figure 1. An example of an open set Ω ⊂ R2 where the approximative trace is
not unique.
trace is not unique provided the size of the balls decreases sufficiently quickly towards the line
segment on the left.
We describe the uniqueness of the approximative trace in W 1,p(Ω) in another way. Consider
the operator
T0 : {u ∈ W 1,p(Ω) ∩ C(Ω) : u|Γ ∈ L1loc(Γ)} → L1loc(Γ)
given by T0u = u|Γ. Then the approximative trace is unique in W 1,p(Ω) if and only if T0 is a
closable operator in W 1,p(Ω)× L1loc(Γ).
Remark 2.3. It is easily seen that the approximative trace is always unique in W 1,∞(Ω).
In fact, if (un) is a sequence in W 1,∞(Ω) ∩ C(Ω) that converges to 0 in W 1,∞(Ω), then (un)
converges uniformly to 0 on Ω. So Z∞ = {0}.
We begin with a basic lattice theoretic property.
Lemma 2.4. The set Zp is a closed vector sublattice of L1loc(Γ).
Proof. It is readily seen that Zp is a vector subspace of L1loc(Γ).
Suppose the Fréchet space L1loc(Γ) is equipped with the metric d. Let ϕ ∈ L1loc(Γ) and
ϕn ∈ Zp for all n ∈ N be such that ϕn → ϕ in L1loc(Γ). Let un ∈ W 1,p(Ω) ∩ C(Ω) be such that
un|Γ ∈ L1loc(Γ), ‖un‖W 1,p(Ω) ≤ 1n , d(ϕn, un|Γ) ≤ 1n for all n ∈ N. Then un → 0 in W 1,p(Ω) and
d(ϕ, un|Γ) ≤ d(ϕ, ϕn) + d(ϕn, un|Γ)→ 0. Hence ϕ ∈ Zp and Zp is closed in L1loc(Γ).
It remains to show that Zp is a sublattice. As L1loc(Γ) is a vector lattice, is suffices to show
that ϕ∨ψ ∈ Zp for all ϕ, ψ ∈ Zp. Let ϕ, ψ ∈ Zp and (un), (vn) be sequences in W 1,p(Ω)∩C(Ω)
such that un → 0 and vn → 0 in W 1,p(Ω) and un|Γ → ϕ and vn|Γ → ψ in L1loc(Γ). After
passing to a subsequence we may in addition suppose that un|Γ → ϕ and vn|Γ → ψ Hd−1-a.e.
on Γ. Then un ∨ vn → 0 in W 1,p(Ω) and un ∨ vn → ϕ ∨ ψ Hd−1-a.e. on Γ. Let K ⊂ Γloc be
compact. Then, again passing to a subsequence, we may suppose that there exists a g ∈ L1(K)
such that max{|un|, |vn|} ≤ g on K for all n ∈ N. By Lebesgue dominated convergence we
obtain un ∨ vn → ϕ ∨ ψ in L1(K). As Γloc is σ-compact, a diagonal sequence argument yields
ϕ ∨ ψ ∈ Zp. 
Remark 2.5. In [CHK16, Section 4] the approximative trace is used in a slightly more general
setting. The functions there are elements of Lq(Ω) with weak partial derivatives in Lp(Ω), and
the approximative trace is defined in Y = Lr(∂Ω). While in [CHK16, Definition 4.2] all values
1 ≤ p, q, r ≤ ∞ are admitted, in the applications given there only a certain range of parameters
governed by Maz′ya’s inequality [Maz11, Corollary 2 in Section 6.11.1] plays a role.
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In [CHK16, Remark 4.3.(b)] the authors express that they expect the uniqueness of the
approximative trace to depend nontrivially on r in general. This expectation is unfounded,
which we can see as follows. We use the notation from [CHK16]. Firstly, we exclude the
(mostly trivial) cases when p =∞, q =∞ or r =∞. Of course, individual elements of W 1p,q(Ω)
can have a unique approximative trace in Y = Lr(∂Ω), without admitting an approximative
trace in Y = Ls(∂Ω) for an s 6= r. We show that whether an element has more than one
approximative trace in Lr(∂Ω) is independent of r. Because of linearity, it suffices to consider
approximative traces of the zero function in W 1p,q(Ω). In the following let (un) be a sequence
in W 1p,q(Ω) such that un → 0 in W 1p,q(Ω). Suppose that un|∂Ω → ϕ 6= 0 in Lr(∂Ω). Then
obviously the approximative trace in W 1p,q(Ω) for Y = L1loc(∂Ω) is not unique. Conversely,
suppose that un|∂Ω → ϕ 6= 0 in L1loc(∂Ω). By a straightforward truncation and cut-off argument
we may assume in addition that Ω is bounded, Hd−1(∂Ω) < ∞, 0 ≤ un ≤ 1, 0 ≤ ϕ ≤ 1 and
un|∂Ω → ϕ in L1(∂Ω). Moreover, after passing to a subsequence we may assume that we have
pointwise convergence Hd−1-a.e. on the boundary. By Lebesgue dominated convergence, we
obtain un|∂Ω → ϕ in Lr(∂Ω). As ϕ 6= 0, the approximative trace in W 1p,q(Ω) for Y = Lr(∂Ω) is
not unique. In other words, the approximative trace for Y = Lr(∂Ω) is unique if and only if
this is the case for Y = L1loc(∂Ω).
3. Approximative traces of the zero function
In this section we describe the approximative traces of the zero function in W 1,p(Ω). We
extend the presentation from [AW03] to the p-dependent setting, where we always choose the
Hausdorff measure Hd−1 on Γ. Since some modifications are required in our setting, we give
the details. The case p =∞ can be excluded by Remark 2.3. We fix 1 ≤ p <∞ and an open
set Ω ⊂ Rd.
For the following lemma we use the argument from [AtE12, Lemma 4.14]. In [Dan00,
Lemma 3.4] a different proof is given. In both of these references the treatment is focused on
the case p = 2.
Lemma 3.1. Suppose that ϕ ∈ Zp and K ⊂ Γloc is compact. Then 1Kϕ ∈ Zp.
Proof. Let ϕ ∈ Zp and ψ ∈ C∞c (Rd). Suppose (un) is a sequence in W 1,p(Ω) ∩ C(Ω) such that
un → 0 in W 1,p(Ω) and un|Γ → ϕ in L1loc(Γ). Then ψun → 0 in W 1,p(Ω) and (ψun)|Γ → ψϕ in
L1loc(Γ). Hence ψϕ ∈ Zp for all ψ ∈ C∞c (Rd).
As dist(K,Γinf) > 0, there exists a bounded open set V ⊂ Rd such that K ⊂ V and
dist(V,Γinf) > 0. Moreover, there exists an η ∈ C∞c (V ) such that 0 ≤ η ≤ 1 and η = 1 on
K. Let M := V ∩ Γ. Then M is compact and M ⊂ Γloc. By the Stone–Weierstrass theorem
{ψ|M : ψ ∈ C∞c (Rd)} is dense in C(M). As C(M) is dense in L1(M), there exists a sequence
(ψn) in C∞c (Rd) such that ψn|M → 1K in L1(M). Then (ηψn)|Γ → 1K in L1(Γ). It follows
from the first part of the proof that ηψnϕ ∈ Zp for all n ∈ N. As Zp is closed in L1loc(Γ) and
ηψnϕ→ 1Kϕ in L1(Γ), one obtains 1Kϕ ∈ Zp. 
The next proposition and its corollary extend [Dan00, Lemma 3.4 and Proposition 3.3] to
our setting.
Proposition 3.2. One has L∞(Γloc)Zp ⊂ Zp. Moreover, Zp is a closed lattice ideal of L1loc(Γ).
Proof. The first statement follows from Lemma 3.1 by a monotone class argument. In fact,
consider the set
M := {h ∈ L∞(Γloc) : hϕ ∈ Zp for all ϕ ∈ Zp}.
ClearlyM is a vector subspace of L∞(Γloc). Moreover, 1K ∈M for all compact sets K ⊂ Γloc
by Lemma 3.1. Let h ∈ L∞(Γloc) and (hn) be a sequence inM such that hn ≥ 0 and hn ↑ h
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as n → ∞. Suppose ϕ ∈ Zp. Then it follows from Lebesgue dominated convergence that
hnϕ → hϕ in L1loc(Γ). As Zp is closed, one deduces hϕ ∈ Zp and therefore h ∈ M. By the
monotone class theorem, it follows thatM = L∞(Γloc). Therefore L∞(Γloc)Zp ⊂ Zp.
We already know that Zp is a closed sublattice of L1loc(Γ) by Lemma 2.4. It remains to show
that Zp is an ideal. Let ϕ ∈ Zp and g ∈ L1loc(Γ) be such that 0 ≤ g ≤ ϕ. Define the function
h ∈ L∞(Γloc) by setting
h(x) :=
{
g(x)
ϕ(x)
if ϕ(x) > 0,
0 if ϕ(x) = 0.
Then by the first part of the proof one has g = hϕ ∈ Zp. This shows that Zp is an ideal of
L1loc(Γ). 
Corollary 3.3. There exists a Borel set Γps ⊂ Γloc such that Zp = L1loc(Γps ).
The subscript ‘s’ in the notation stands for ‘singular’.
Proof. The claim follows from Proposition 3.2 and Schaefer’s description of closed ideals in
Lq spaces [Sch74, Example 2 on p. 157]. Since Schaefer’s description is not given for local Lq
spaces, we shall address this detail.
As (Γloc,B(Γloc),Hd−1) is σ-finite, it is localisable and does not have infinite atoms. Clearly
1KZ
p is a closed ideal in L1(K) for every compactK ⊂ Γloc. Let (Kn) be an increasing sequence
of compact subsets of Γloc with
⋃
n∈NKn = Γloc. By [Sch74, Example 2 on p. 157] there exists
a Borel set An ⊂ Kn such that L1(An) = 1KnZp for all n ∈ N. Fix n, k ∈ N. As 1Ak∩Kn\An ∈
L1(Ak) ⊂ Zp, it follows that 1Ak∩Kn\An ∈ 1KnZp = L1(An). Hence Hd−1(Ak ∩Kn \ An) = 0.
Set Γps =
⋃
n∈NAn. It follows that
Hd−1((Γps ∩Kn) M An) = Hd−1(Γps ∩Kn \ An) ≤
∞∑
k=1
Hd−1(Ak ∩Kn \ An) = 0
for all n ∈ N. Hence we may replace An by Γps ∩Kn to obtain L1(Γps ∩Kn) = 1KnZp for all
n ∈ N.
If ϕ ∈ Zp, then 1Knϕ = 0 Hd−1-a.e. on Kn \An for all n ∈ N. So ϕ = 0 Hd−1-a.e. on Γloc \Γps .
Thus ϕ ∈ L1loc(Γps ). Conversely, suppose ϕ ∈ L1loc(Γ) such that ϕ = 0 Hd−1-a.e. on Γloc \ Γps .
Then 1Knϕ ∈ L1(An) = 1KnZp ⊂ Zp for all n ∈ N. As Zp is closed and 1Knϕ→ ϕ in L1loc(Γ)
as n→∞ by Lebesgue dominated convergence, one deduces ϕ ∈ Zp. 
Obviously the approximative trace is not unique in W 1,p(Ω) if and only if Hd−1(Γps ) > 0. We
introduce a localised notion of uniqueness and nonuniqueness of the approximative trace on a
part of the boundary.
Definition 3.4. Let A be a Borel subset of Γloc. The approximative trace is said to be unique
on A if Hd−1(A ∩ Γps ) = 0. Conversely, the approximative trace is called nonunique on A if
Hd−1(A ∩ Γps ) > 0.
Lemma 3.5. Let Ω ⊂ Rd be open and A ⊂ Γloc a Borel set. Suppose that the approximative
trace is nonunique on A. Then there exist a compact set K ⊂ A with Hd−1(K) > 0, U ⊂ Rd
open, bounded and smooth with K ⊂ U and dist(U,Γinf) > 0, ϕ ∈ L1(Γ) and a sequence (un) in
W 1,p(Ω) ∩ C(Ω) such that un → 0 in W 1,p(Ω), 0 ≤ un ≤ 1, suppun b U , un|Γ → ϕ in L1(Γ)
and un = 1 on K for all n ∈ N.
Proof. Suppose the approximative trace is nonunique on A. By Corollary 3.3 one has Zp =
L1loc(Γ
p
s ) with Hd−1(Γps ∩A) > 0. As Hd−1 is σ-finite on Γloc, there exists a Borel set A′ ⊂ Γps ∩A
such that 0 < Hd−1(A′) <∞. Then the (d− 1)-dimensional Hausdorff measure restricted to
A′ is a Radon measure in Rd by [EG92, Theorem 1.1.3].
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As ϕ′ := 1A′ ∈ Zp, there exists a sequence (wn) in W 1,p(Ω) ∩ C(Ω) such that wn → 0 in
W 1,p(Ω) and wn|Γ → ϕ in L1loc(Γ). After passing to a subsequence, we may assume that wn → 1
Hd−1-a.e. on A′. By Egorov’s theorem [EG92, Theorem 1.2.3] and as Hd−1 is a Radon measure
on A′, there exists a compact set K ⊂ A′ such that Hd−1(K) > 0 and wn → 1 uniformly on K.
By discarding finitely many elements, we may suppose that wn ≥ 12 on K for all n ∈ N.
Let U ⊂ Rd be a smooth, bounded open set such that K ⊂ U and dist(U,Γinf) > 0. Take
η ∈ C∞c (U) such that 0 ≤ η ≤ 1 and η = 1 on K. It suffices now to note that ϕ := ηϕ′ ∈ L1(Γ)
and the sequence (un) in W 1,p(Ω) ∩ C(Ω) given by un := η(0 ∨ 2wn ∧ 1) have the desired
properties. 
Lemma 3.6. Let 1 ≤ p ≤ q ≤ ∞. Then Zq is a subspace of Zp and Hd−1(Γqs \ Γps ) = 0.
Proof. Let K ⊂ Γqs be compact. It suffices to show that 1K ∈ Zp. There exists a sequence (un)
inW 1,q(Ω)∩C(Ω) such that un → 0 inW 1,q(Ω) and un|Γ → 1K in L1loc(Γ). By multiplying with
a suitable cut-off function in C∞c (Rd), we can assume that there exists a compact set M ⊂ Rd
such that suppun ⊂M for all n ∈ N. It follows that (un) is contained in W 1,p(Ω) ∩ C(Ω) and
un → 0 in W 1,p(Ω). Hence 1K ∈ Zp. 
For the remainder of this section, we suppose that 1 < p <∞ and use the relative capacity
and its properties as established in [Bie09b, Bie09a]. The relative p-capacity of a subset
A ⊂ Ω is defined as
capp,Ω(A) = inf
{‖u‖p1,p : u ∈ W˜ 1,p(Ω) such that there exists an open V ⊂ Rd
with A ⊂ V and u ≥ 1 a.e. on V ∩ Ω}.
If capp,Ω(A) = 0, then A is called relatively p-polar, and if a property holds outside of a
relatively p-polar set, it is said to hold relatively p-quasi everywhere. We note that the
relative p-capacity for Ω = Rd is the usual p-capacity.
We exclude the nonreflexive case p = 1 since it is unclear whether the relative capacity is a
Choquet capacity in this case. We define admissible subsets of Γloc as in [AW03, (13)].
Definition 3.7. A Borel set M ⊂ Γloc is called p-admissible if for every Borel set A ⊂ Γloc
one has that capp,Ω(A) = 0 implies Hd−1(M ∩ A) = 0.
By utilising the relative capacity, the following theorem allows to select a finer version of
the set Γps that enjoys additional properties. The set Γps as chosen above does not need to be
relatively p-polar in general.
Theorem 3.8. Let Ω ⊂ Rd be open. There exists a Borel set S ⊂ Γloc such that Zp = L1loc(S),
capp,Ω(S) = 0 and Γloc \ S is p-admissible. Moreover, if S ′ ⊂ Γloc is a relatively p-polar Borel
set, then Γloc \ S ′ is p-admissible if and only if Hd−1(S ′ M S) = 0.
We split the proof of Theorem 3.8 into several parts.
Proposition 3.9. There exists a relatively p-polar Borel set S ⊂ Γloc such that Γloc \ S is
p-admissible.
Proof. The proof of [AW03, Proposition 3.6] works without change. 
In the remainder of this section let S denote a set as in Proposition 3.9.
Lemma 3.10. One has Hd−1(S \ Γps ) = 0.
Proof. This uses part of the argument in the proof of [AW03, Theorem 3.7].
Let (Kn) be an increasing sequence of compact subsets of S such that Hd−1(S\
⋃
n∈NKn) = 0.
As capp,Ω(Kn) = 0, by [Bie09b, Proposition 3.5] we can find a sequence (un) in W 1,p(Ω)∩C(Ω)
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such that 0 ≤ un ≤ 1, un = 1 on Kn, un = 0 on Γinf and ‖un‖W 1,p(Ω) ≤ 1n . After going to
a subsequence, we may assume that un → 0 relatively p-quasi everywhere. As Γloc \ S is
p-admissible, it follows that un → 0 pointwise Hd−1-a.e. on Γloc \ S. Hence un → 1S pointwise
Hd−1-a.e. on Γ. By Lebesgue dominated convergence, one deduces that un|Γ → 1S in L1loc(Γ).
This shows that 1S ∈ Zp = L1loc(Γps ); consequently, Hd−1(S \ Γps ) = 0. 
Lemma 3.11. One has Hd−1(Γps \ S) = 0.
Proof. The function 1Γps is an approximative trace of the zero function in W
1,p(Ω). So there
exists a sequence (un) in W 1,p(Ω) ∩ C(Ω) such that un|Γ → 1Γps in L1loc(Γ) and un → 0 in
W 1,p(Ω). After passing to a subsequence, we may suppose that un|Γ → 1Γps pointwise Hd−1-a.e.
on Γ and un → 0 relatively p-quasi everywhere on Ω. As Γloc \S is p-admissible, we obtain that
un → 0 pointwise Hd−1-a.e. on Γloc \ S. Hence Hd−1(Γps \ S) = Hd−1(Γps ∩ Γloc \ S) = 0. 
Proof of Theorem 3.8. It follows from Lemmas 3.10 and 3.11 that Hd−1(Γps MS) = 0. The same
holds for S ′ ⊂ Γloc if S ′ is relatively p-polar such that Γloc \ S ′ is p-admissible. Conversely, if
S ′ ⊂ Γloc is relatively p-polar with Hd−1(S M S ′) = 0, it is obvious that S ′ is p-admissible. 
The relative p-capacity is equivalent to the p-capacity as long as one only considers subsets
that stay a fixed positive distance away from the boundary. Moreover, if Ω is Lipschitz and
thus has the extension property, then the relative p-capacity is equivalent to the p-capacity on
the whole of Ω. So it is clear that the relative p-capacity is p-dependent and that there are
compact sets that are relatively polar for some small p, but not for some larger p, since this
is well-known for the p-capacity; see for example [AH96, Theorem 5.5.1]. Moreover, one can
readily give examples where a compact subset K of the boundary is relatively p-polar only for
certain values of p by considering W 1,p(Ω) for Ω = Rd \K. In the present context it is more
interesting, however, to give an example where the corresponding part of the boundary is not
an Hd−1-nullset. This will be done in Example 6.2.
4. A geometric criterion for the uniqueness of the approximative trace
The results of this section imply that the approximative trace is unique if Ω has continuous
boundary, which was stated as an open problem in [AtE11, Section 9]. In fact, the main result
is Theorem 4.15, which gives a criterion for the uniqueness of the approximative trace that
applies in the case of continuous boundary.
At the core of the proof one needs to control the behaviour locally on the locally finite part
of the boundary through the behaviour of the Sobolev function in the interior. While the setup
of the proof of Theorem 4.15 is very natural, it requires some technical results from geometric
measure theory.
We first recall a few facts about densities, the measure theoretic boundary and about (d− 1)-
rectifiable sets. The ambient space will always be Rd in the following. So B(x, r) denotes
the open Euclidean ball about x with radius r in Rd and Sd−1 := ∂B(0, 1). We denote the
Lebesgue measure in Rd by |·|. For a Borel measurable set A ⊂ Rd and a point x ∈ Rd the
upper and lower densities of A at x are defined by
D(A, x) := lim sup
r→0+
|A ∩B(x, r)|
|B(x, r)|
and
D(A, x) := lim inf
r→0+
|A ∩B(x, r)|
|B(x, r)| ,
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respectively. If upper and lower densities agree, their common value is called the density of A
at x and denoted by D(A, x). For all t ∈ [0, 1] we write
At := {x ∈ Rd : D(A, x) = t}
for the set of points where A has density t. It is easily verified that the sets At are Borel,
see e.g. [Fal86, Lemma 2.1]. The measure theoretic boundary of A is defined as ∂mA :=
Rd \ (A0 ∪A1). Clearly ∂mA ⊂ ∂A. Similarly we define the (d− 1)-dimensional density of
A at x by
Θ(A, x) := lim
r→0+
Hd−1(A ∩B(x, r))
ωrd−1
provided the limit exists, and analogously the upper and lower (d− 1)-dimensional densities
Θ(A, x) and Θ(A, x); here
ω := ω(d− 1) := pi
(d−1)/2
Γ
(
(d+ 1)/2
)
is the volume of the unit ball in Rd−1. A Borel measurable subset A ⊂ Rd is called rectifiable
(or, more specifically, countably (d− 1)-rectifiable) if there exists a sequence (fk) of Lipschitz
functions fk : Rd−1 → Rd such that
Hd−1
(
A \
⋃
k∈N
fk(Rd−1)
)
= 0.
Conversely, A is called purely unrectifiable if for any Lipschitz function f : Rd−1 → Rd one
has Hd−1(A ∩ f(Rd−1)) = 0. Rectifiable sets of finite Hausdorff measure are the measure
theoretic analogue of smooth manifolds. They exhibit a plethora of additional density and
differentiability properties. The ones that we will need later on are collected in the following
lemma.
Lemma 4.1. Let K ⊂ Rd be a rectifiable Borel set with Hd−1(K) <∞. Then Hd−1-a.e. z ∈ K
has the following properties:
(1) Θ(K, z) = 1.
(2) There exists a unique affine (d− 1)-plane V through z with normal ν ∈ Sd−1 such that
for all ε > 0 one has
lim
r→0+
Hd−1(K ∩B(z, r) \Nεr(V ))
rd−1
= 0,
where Nεr(V ) := {x ∈ Rd : dist(x, V ) ≤ εr}.
(3) For all ε > 0 there exist a Borel set D ⊂ V with z ∈ D and an ε-Lipschitz function
f : D → span{ν} such that Θ(D, z) ≥ 1− ε, f(z) = 0, gr f ⊂ K and Θ(K \gr f, z) = 0.
Proof. The density property (1) is established in [Mat95, Theorem 16.2], while the existence of
a unique approximate tangent (d− 1)-plane for Hd−1-a.e. z ∈ K as in (2) follows from [Mat95,
Theorem 15.19].
Let ε > 0 and ε′ ∈ (0, ε
3
) be sufficiently small. Due to [AFP00, Proposition 2.76] and [Mat95,
Theorem 6.2 (2)], we may suppose without loss of generality that K is the graph of an
ε′-Lipschitz function g : Rd−1 → R on a Borel set D˜ ⊂ Rd−1 =̂ Rd−1 × {0}. Then for Hd−1-a.e.
z ∈ K with z = x + g(x) for an x ∈ D˜ the first two properties hold, Θ(D˜, x) = 1 and the
function g is differentiable at x by Rademacher’s theorem. Fix such a z = x + g(x) ∈ K.
Then by [AFP00, paragraph after Definition 2.60] the set K is contained in the graph of an
(3ε′)-Lipschitz function f : V → span{ν}⊥, where V = z + {(h, g′(x)h) : h ∈ Rd−1} is both
the unique approximate tangent plane of K at z and the classical tangent plane of f at x,
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cf. [AFP00, Remark 2.84]. Let D := {x′ ∈ V : x′ + f(x′) ∈ K}. Then z ∈ D and f(z) = 0.
Using that f is (3ε′)-Lipschitz, it follows from (1) that Θ(D, z) ≥ 1−ε provided ε′ is sufficiently
small. 
Remark 4.2. In the following we prefer to use cubes instead of balls for the densities and
properties in Lemma 4.1. More specifically, for a z ∈ K with the three properties in Lemma 4.1,
we consider cubes centred at z in a fixed local orthogonal coordinate system (b1, . . . , bd−1, ν) at
z, i.e. b1, . . . , bd−1 are orthonormal and span V − z. It is clear that both (2) and (3) stay valid
if balls are replaced by these cubes. Naturally, one has to adapt the scaling accordingly and
use 2d−1 instead of ω in the (d− 1)-dimensional densities. Since in (3) one may use any ε > 0,
it follows by an easy estimate that also (1) holds accordingly for the aforementioned cubes.
Lemma 4.3. The set Γloc can be written as a disjoint union of two Borel sets Γr and Γu where
Γr is rectifiable and Γu is purely unrectifiable. Moreover, one has Θ(Γu, z) = 0 for Hd−1-a.e.
z ∈ Rd \ Γu.
Proof. As Hd−1 is locally finite and σ-finite on Γloc, the claims follow immediately from [Mat95,
Theorem 15.6] or [DL08, Theorem 5.7], and [Mat95, Theorem 6.2]. 
Next we briefly introduce sets of locally finite perimeter. By Federer’s criterion [Fed69,
Theorem 4.5.11] a Borel measurable set A ⊂ Rd has locally finite perimeter in Rd if and
only if Hd−1(∂mA ∩K) <∞ for all compact K ⊂ Rd. Moreover, A has finite perimeter in
Rd if and only if Hd−1(∂mA) <∞. The theory of sets of finite perimeter allows to partition
Γloc according to the density of Ω in the following way.
Lemma 4.4. Let Ω be open. Then up to an Hd−1-nullset one has Γloc = Γ0loc ∪ Γ1loc ∪ Γ1/2loc ,
where Γtloc := Γloc ∩ Ωt. Moreover, the part Γ1/2loc is rectifiable.
Proof. Let K ⊂ Γloc be compact. Let U ⊂ Rd be open, bounded, smooth such that K ⊂ U
and dist(U,Γinf) > 0. Then U ∩Ω has finite perimeter as ∂(U ∩Ω) ⊂ ∂U ∪ (U ∩Γloc) has finite
Hd−1-measure. Observe that D(U ∩ Ω, z) = D(Ω, z) and D(U ∩ Ω, z) = D(Ω, z) for all z ∈ K.
By [AFP00, Theorems 3.59 and 3.61] it follows that D(Ω, z) ∈ {0, 1, 1
2
} for Hd−1-a.e. z ∈ K
and that K ∩ Ω1/2 is rectifiable. The claim follows as Γloc is σ-compact. 
Consequently, up to anHd−1-nullset, the purely unrectifiable part Γu is contained in Γ0loc∪Γ1loc.
The following auxiliary lemma can alternatively be inferred from the results in [Mor66,
p. 66–67].
Lemma 4.5. Let 1 ≤ p <∞, u ∈ W 1,p(Ω) ∩ C(Ω) and ν ∈ Sd−1. Then for Hd−1-a.e. line L
in direction ν one has the following property: If a, b ∈ L with a 6= b and such that the open
line segment (a, b) ⊂ Ω, then u is absolutely continuous on the compact line segment [a, b].
Moreover, the classical partial (or directional) derivatives of u agree with the distributional
ones a.e. in Ω.
Proof. By [Zie89, Theorem 2.2.2] one may, after rotation, suppose that ν = e1. Let u˜ : Ω→ R
be a representative of u that is locally absolutely continuous on Hd−1-a.e. line parallel to the
coordinate axes and whose classical partial derivative ∂ku˜ agrees a.e. in Ω with the distributional
derivative Dku for all k ∈ {1, . . . , d}; see [Maz11, Theorem 1.1.3/1] or [Zie89, Theorem 2.1.4].
Let g : Ω→ R be a representative of D1u. So by Fubini and the above, one has for Hd−1-a.e.
x′ ∈ {e1}⊥ and L := x′ + span{e1} the following three properties: firstly, ∂1u˜ = g H1-a.e. on
L ∩ Ω and ∫
L∩Ω
|∂1u˜(t, x′)|p dt =
∫
L∩Ω
|g(t, x′)|p dt <∞;
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Figure 2. A connected domain where the points in the dark grey line segment
on the left are ‘inaccessible’ from the inside with respect to the geodesic metric.
secondly, u˜ is locally absolutely continuous in L ∩ Ω and for all [a, b) ⊂ L ∩ Ω and x ∈ [a, b)
one has
u˜(x) = u˜(a) +
∫ x1
a1
∂1u˜(t, x
′) dt;
thirdly, one has u = u˜ H1-a.e. on L ∩ Ω and therefore, due to continuity, u = u˜ everywhere on
L ∩ Ω. Let M be the set of the x′ ∈ {e1}⊥ with the above properties. Fix x′ ∈ M and L as
above and let [a, b) ⊂ L ∩ Ω be bounded. Then b ∈ Ω and
u(b) = lim
x→b, x∈[a,b)
u(x) = u˜(a) + lim
x→b
∫ x1
a1
∂1u˜(t, x
′) dt = u(a) +
∫ b1
a1
g(t, x′) dt.
Hence u is absolutely continuous on [a, b]. 
Remark 4.6. It is well-known that an element u ∈ W 1,p(Ω) has a representative that is locally
absolutely continuous on almost every line parallel to the coordinate axes. The central point
of Lemma 4.5 is to ensure that if u ∈ W 1,p(Ω) ∩ C(Ω) then the absolute continuity (along
almost every line) extends up to the first point where the boundary is hit and that u has the
appropriate value at such a boundary point. Of course, in general not every boundary point
can be approached from Ω on a line segment, see Figures 1 or 2.
The following proposition shows that if Ω has strictly positive upper density at a rectifiable
part of the boundary then the approximative trace is unique there. We shall see in Theorem 4.15
that the rectifiability condition is superfluous.
Proposition 4.7. Let Ω ⊂ Rd be open and 1 ≤ p < ∞. Suppose that A ⊂ Γr is Borel and
Hd−1-a.e. z ∈ A satisfies D(Ω, z) > 0. Then the approximative trace in W 1,p(Ω) is unique on
A.
Proof. Assume for contradiction that the approximative trace is nonunique on A. So by
Lemma 3.5 there exist a compact set K ⊂ A with Hd−1(K) > 0 and a sequence (un) in
W 1,p(Ω) ∩ C(Ω) such that 0 ≤ un ≤ 1, un = 1 on K and un → 0 in W 1,p(Ω). Clearly K is
rectifiable since K ⊂ Γr.
Let z0 ∈ K be a fixed boundary point with the properties specified in Lemma 4.1. Additionally
we may suppose that D(Ω, z0) > 0 and Θ(Γ \K, z0) = 0; the latter is possible due to [Mat95,
Theorem 6.2] and since K ⊂ Γloc.
We use local orthogonal coordinates at z0 such that the vector ed is a normal vector for
V and z0 corresponds to 0. Denote by Cr the open cube (−r, r)d in these local orthogonal
coordinates. Whenever we write (x′, t) for an element of Cr in the following, we consider this
as coordinates in V × (−r, r). Let Lr := {(x′, t) ∈ Cr : t ∈ (−r, 0)} be the lower half of Cr in
the ed direction. Choosing the sign of ed appropriately, we may assume that D(Ω ∩ Lr, z0) > 0.
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By choosing ε ∈ (0, 1
3
) small enough, we may suppose that there exists a δ > 0 such that
lim sup
r→0+
|Ω ∩ Lr \Nεr(V )|
(2r)d
> δ.
We may further decrease ε to ensure 0 < ε ≤ δ
3
. Fix such an ε and let D and f be as in
Lemma 4.1 (3). The assumptions regarding z0 imply that there exists an r0 > 0 such that
(1) (1− ε)(2r)d−1 ≤ Hd−1(D ∩ Cr) ≤ Hd−1(Γ ∩ Cr) ≤ (1 + ε)(2r)d−1
and
Hd−1(Γ ∩ Cr \Nεr(V )) ≤ ε(2r)d−1
for all 0 < r ≤ r0.
Fix an r ∈ (0, r0] such that
|Ω ∩ Lr \Nεr(V )| ≥ δ(2r)d.
In particular, from now on the cube Cr is fixed. Let E := Γ ∩ Cr \ gr f be the ‘bad’ boundary
points in Cr. We remove them from Cr by setting D˜ := (D \ PVE) ∩ Cr, C˜ := {(x′, t) ∈ Cr :
x′ ∈ D˜} and L˜ := C˜ ∩ Lr, where PV denotes the orthogonal projection onto V . Then by (1)
one has Hd−1(D˜) ≥ (1− 3ε)(2r)d−1 and |L˜| ≥ 1
2
(1− 3ε)(2r)d. Therefore
(2) |Ω ∩ L˜ \Nεr(V )| ≥ δ(2r)d − 3
2
ε(2r)d ≥ δ
2
(2r)d.
Now let
I := {x′ ∈ D˜ : there exists a t such that (x′, t) ∈ Ω ∩ L˜ \Nεr(V )}.
Observe that for all x′ ∈ I the whole open line segment from (x′,−r) to (x′, f(x′)) is contained
in Ω. In particular, for all x′ ∈ I one has that f(x′) is the unique t ∈ (−r, r) such that
(x′, t) ∈ Γ. The measure of Ω in L˜ \Nεr(V ) can be bounded by
|Ω ∩ L˜ \Nεr(V )| ≤ Hd−1(I)r.
Hence by (2) it follows that
Hd−1(I) ≥ δ(2r)d−1 > 0.
Let η ∈ C∞c ({(x′, t) : x′ ∈ V, t ∈ (−r,∞)}) be such that 0 ≤ η ≤ 1 and η = 1 on Nεr(V )∩Cr.
In particular, ηun = 1 on gr f ∩ Cr and ηun = 0 on I − red. As ηun ∈ W 1,p(Ω) ∩ C(Ω), it
follows from Lemma 4.5 that (ηun)(x′, ·) is absolutely continuous on [−r, f(x′)] for Hd−1-a.e.
x′ ∈ I. Thus by the fundamental theorem of calculus, Fubini’s theorem, Lemma 4.5 and
Hölder’s inequality one obtains
0 < Hd−1(I) =
∫
I
∫ f(x′)
−r
∂d(ηun)(x
′, t) dt dx′ ≤ C‖un‖1,p;Cr∩Ω ≤ C‖un‖1,p;Ω → 0
as n→∞, which is a contradiction. 
Remark 4.8. In the proof of Proposition 4.7 we control the behaviour locally on the boundary
by the derivative in the interior. This is reminiscent of the Gauss–Green divergence theorem. In
fact, there is a suitable version of the Gauss–Green theorem that can be applied in our setting,
see [Fed45, Theorem 6.4] and [Fed46, Remark 4.8]. The resulting proof, however, would be
less self-contained and still require analogous measure geometric considerations.
While the following proposition is a direct consequence of important classical results about
the Lebesgue area and continuous functions of bounded variation, it appears that its statement
is not very well-known. It uses the main result of [Fed60], which is a higher-dimensional version
of the fundamental fact that a curve is rectifiable if and only if its one-dimensional Hausdorff
measure is finite.
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Proposition 4.9. Let I ⊂ Rd−1 be a nontrivial bounded open rectangle and g : I → R
continuous. Define E := {(x, t) ∈ I × R : t < g(x)} ⊂ Rd. Suppose that Hd−1(gr g) < ∞.
Then Hd−1(gr g \ ∂mE) = 0. In particular, gr g is rectifiable and D(E, z) = 1
2
for Hd−1-a.e.
z ∈ gr g.
Proof. It follows from [Fed60] that gr g is rectifiable and that α(g) = Hd−1(gr g), where α(g)
denotes the Lebesgue area of g. By [Kri57, Theorem 9.1] one has g ∈ BV(I) and α(g) = V (µ, I),
where µ is the Rd-valued vector measure (Hd−1 I,D1g, . . . , Dd−1g) and V (µ, I) denotes
the total variation of µ on I. Since V (µ, I) = P (E, I × R) by [Mir64, Theorem 1.10] and
P (E, I × R) = Hd−1(gr g ∩ ∂mE) by [AFP00, (3.62)], the claim follows. The statement about
the density follows from [AFP00, Theorem 3.61]. 
We now show that in the case of continuous boundary Hd−1-a.e. point in Γloc belongs to the
measure theoretic boundary of Ω, which implies both rectifiability and the density condition in
Proposition 4.7 on Γloc. Thanks to the beautiful results employed in the proof of Proposition 4.9,
we can now avoid technical arguments.
Corollary 4.10. Suppose Ω ⊂ Rd open has continuous boundary. Then Hd−1(Γloc \ ∂mΩ) = 0.
In particular, D(Ω, z) > 0 for Hd−1-a.e. z ∈ Γloc.
Proof. As Γloc is relatively open in Γ and σ-compact, and membership of a boundary point in
∂mΩ is a local measure geometric property, it suffices to consider the question locally, where Ω
can be written as the subgraph of a continuous function. We may assume that in local orthogonal
coordinates there exists a rectangle R := I × (−H,H), where I ⊂ Rd−1 is an open cube and
H > 0, and a continuous function g : I → (−H
2
, H
2
) that has a continuous extension to I such
that Hd−1(gr g) <∞, R∩Ω = {(x′, t) ∈ R : t < g(x′)} and R∩Γ = {(x′, g(x′)) : x′ ∈ I} = gr g.
Let E := {(x′, t) ∈ I × R : t < g(x′)}. One has D(Ω, z) = D(R ∩ Ω, z) = D(E, z) for all
z ∈ gr g. By Proposition 4.9 one has D(Ω, z) = 1
2
for Hd−1-a.e. z ∈ gr g. 
Combining this with Proposition 4.7, we obtain the following remarkable result.
Theorem 4.11. Suppose Ω ⊂ Rd open has continuous boundary and 1 ≤ p ≤ ∞. Then the
approximative trace in W 1,p(Ω) is unique.
Proof. By Corollary 4.10 one has Hd−1(Γloc \ ∂mΩ) = 0 and therefore D(Ω, z) > 0 for Hd−1-a.e.
z ∈ Γloc. Moreover, it follows from [AFP00, Theorems 3.59 and 3.61] that Γloc is rectifiable.
So the assumptions of Proposition 4.7 are satisfied for A = Γloc, which proves the claim. 
Remark 4.12. Theorem 4.11 answers the corresponding open question in [AtE11, Section 9].
This yields yet another remarkable property of domains with continuous boundary. Other
remarkable properties are the density property in Proposition 2.2, the related equality
W 1,p0 (Ω) = W
1,p
0 (Ω) resulting in the stability of the Dirichlet problem, see the proof of [EE87,
Theorem V.4.7], [AD08] and [Hed00], or the compact embedding of W 1,p(Ω) into Lp(Ω) if
Ω is in addition bounded, see [EE87, Theorem V.4.17]. The property that an open set has
continuous boundary can be characterised via the segment property [EE87, Theorem V.4.4].
We now show that on parts of Γ where Ω has density 1 the approximative trace is always
unique. It is important that in contrast to Proposition 4.7 no rectifiability is assumed here.
Proposition 4.13. Let Ω ⊂ Rd be open and A ⊂ Γloc Borel. Suppose that D(Ω, z) = 1 for
Hd−1-a.e. z ∈ A. Then the approximative trace is unique on A.
Proof. We use notation and results from [FZ73]. Let K ⊂ A ∩ Γps be compact and ε > 0.
Choose a δ > 0 sufficiently small such that Hd−1(U ∩ Γ) ≤ Hd−1(K) + ε, where U := {x ∈ Rd :
dist(x,K) < δ}. Note that U is open in Rd and K ⊂ U .
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By Lemma 3.5 there exists a sequence (un) in W 1,p(Ω) ∩C(Ω) such that 0 ≤ un ≤ 1, un = 1
on K, limn→∞ un = 0 in W 1,p(Ω) and suppun b U . After passing to a subsequence, we may
assume that
∫
Ω
|∇un| ≤ 1n for all n ∈ N. Let n be fixed. By the coarea formula there exists a
t = t(n) ∈ (0, 1) such that
P ([un > t],Ω) ≤
∫
Ω
|∇un| ≤ 1
n
,
where [un > t] = {x ∈ Ω : un(x) > t}. Observe that ∂m[un > t] ⊂ (Ω ∪ Γ) ∩ U . Moreover, by
assumption D([un > t], z) = 1 for Hd−1-a.e. z ∈ K since un > t on a neighbourhood of K in Ω.
Hence Hd−1(K ∩ ∂m[un > t]) = 0. Therefore
P ([un > t],Rd) = Hd−1(∂m[un > t])
= Hd−1(Ω ∩ ∂m[un > t]) +Hd−1(U ∩ Γ ∩ ∂m[un > t] \K)
≤ P ([un > t],Ω) +Hd−1(U ∩ Γ \K)
≤ 1
n
+ ε.
Then w := 1[un>t] is an element of BV(Rd), D([w ≥ 1], z) = 1 for Hd−1-a.e. z ∈ K and
‖Dw‖(Rd) = P ([w ≥ 1],Rd) = P ([un > t],Rd) ≤ 1
n
+ ε.
Since such a function w can be found for all n ∈ N and ε > 0, it follows that α = α(K) = 0,
where α is as in [FZ73, Proposition on p. 145]. As α(K) = Γ1(K), where Γ1 denotes the
1-capacity in Rd as defined in [FZ73], one obtains Γ1(K) = 0. By [FZ73, final Proposition in
Section 4] it follows that Hd−1(K) = 0. 
Remark 4.14. The proof of the identity α = Γ1 in [FZ73] uses refined machinery from
the theory of currents. In the special case considered here a technically simpler proof of
Proposition 4.13 can be given along the lines of [EG92, Theorem 5.6.3].
By combining our previous results we now obtain the following measure geometric criterion
for the uniqueness of the approximative trace. A connection between Ω having Lebesgue
density zero and the nonuniqueness phenomenon was suggested in [BD10, p. 85] and [BG10,
p. 941].
Theorem 4.15. Let Ω ⊂ Rd be open and 1 ≤ p ≤ ∞. Then D(Ω, z) = 0 for Hd−1-a.e.
z ∈ Γps . In particular, if A ⊂ Γloc is Borel such that D(Ω, z) > 0 for Hd−1-a.e. z ∈ A, then the
approximative trace is unique on A.
Proof. Suppose that K ⊂ Γps is compact. Recall that Γps ⊂ Γloc. Similarly as in the proof of
Proposition 4.13 we can consider U ∩ Ω instead of Ω with K b U and U ∩ Γ ⊂ Γloc. We may
suppose that U is smooth and bounded. Clearly K ⊂ ∂(U ∩ Ω) and the density properties of
U ∩ Ω and Ω are identical at all points in K.
Furthermore, U ∩ Ω has finite perimeter. So it follows from Proposition 4.7 that the
approximative trace is unique on K∩∂m(U ∩Ω) as ∂m(U ∩Ω) is rectifiable and D(U ∩Ω, z) > 0
for all z ∈ ∂m(U ∩Ω). By Proposition 4.13 the approximative trace is unique on K ∩ (U ∩Ω)1.
Together this implies that
Hd−1(K ∩ {z ∈ Rd : D(U ∩ Ω, z) = 1 ∨ (D(U ∩ Ω, z) < 1 ∧D(U ∩ Ω, z) > 0)}) = 0.
In other words, D(Ω, z) = D(U ∩ Ω, z) = 0 for Hd−1-a.e. z ∈ K. 
Remark 4.16. We shall see in Example 6.2 that it is not sufficient for the nonuniqueness of
the approximative trace that Ω has density 0 on a substantial part of Γloc. In fact, in general
the set Γps does depend on p.
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The following corollary is immediate.
Corollary 4.17. Let Ω ⊂ Rd be open. Then the approximative trace in W 1,p(Rd \Ω) is unique
on Γps ∩ ∂(Rd \ Ω), where Γps is considered with respect to Ω as usual.
The next corollary is a generalisation of [AW03, Proposition 5.5]. It shows that if part of
the boundary is locally finite, then not all of it can belong to the singular part Γps .
Corollary 4.18. Let Ω ⊂ Rd be open and 1 ≤ p ≤ ∞. If Hd−1(Γloc) > 0, then Hd−1(Γloc\Γps ) >
0.
Proof. The case d = 1 is easy. Hence we suppose d ≥ 2. Assume for contradiction that
Hd−1(Γloc) > 0 and Hd−1(Γloc\Γps ) = 0. Let z ∈ Γps be such that D(Ω, z) = 0. By Theorem 4.15,
Hd−1-a.e. z ∈ Γloc has this property. For r > 0 sufficiently small one has
Hd−1(∂mΩ ∩B(z, r)) ≤ Hd−1(Γ ∩B(z, r)) <∞.
Moreover, Theorem 4.15 implies that Hd−1(∂mΩ ∩ Γps ) = 0 and therefore by assumption
Hd−1(∂mΩ ∩ B(z, r)) = 0. So by the relative isoperimetric inequality [AFP00, (3.43)], the
formula [AFP00, (3.62)] and Federer’s characterisation of sets of locally finite perimeter [Fed69,
Theorem 4.5.11] there exists a C > 0 such that
min{|Ω ∩B(z, r)|, |B(z, r) \ Ω|}(d−1)/d ≤ CP (Ω, B(z, r)) = CHd−1(∂mΩ ∩B(z, r)) = 0.
As z ∈ Γ and Ω is open, we must have |B(z, r) \ Ω| = 0. This implies D(Ω, z) = 1, which is a
contradiction. 
5. Uniqueness of the trace in two dimensions
In [AW03] the first example of a disconnected open set in R2 with nonunique approximative
trace was given. This example was then used to construct a connected example in three
dimensions. A simpler three-dimensional, connected example was given in [BG10, Section
3, last paragraph on p. 941]. In private communication with the author, Wolfgang Arendt
and Tom ter Elst raised the question of whether there exists a connected domain in R2 with
nonunique approximative trace. In this section we prove the surprisingly strong statement that
the approximative trace for a two-dimensional connected domain is always unique, thereby
answering the question in the negative.
The results in [ACMM01] (see also [FF09, Theorem 3]) imply that a connected, bounded
domain in R2 with a boundary of finite one-dimensional Hausdorff measure has a very specific
structure: it is, up to a set of Lebesgue measure 0, the interior of a rectifiable Jordan curve,
from which the interior of possibly countably many rectifiable Jordan curves have been removed.
The next proposition makes this precise. It follows directly from [ACMM01, Proposition 2,
Theorem 4 and Corollary 1].
Proposition 5.1. Let Ω ⊂ R2 be connected, bounded and open such that H1(∂Ω) <∞. Then
there exist a countable set J and rectifiable closed Jordan curves γ, γj for all j ∈ J such that
∂mΩ ≡ γ ∪⋃j∈J γj modulo H1, int γj ⊂ int γ for all j ∈ J , int γj ∩ int γk = ∅ for all j, k ∈ J
with j 6= k and
A := int γ \
⋃
j∈J
int γj ≡ Ω modulo H2.
The following lemma is an ingredient in the proof of Proposition 5.1.
Lemma 5.2 ([ACMM01, Lemma 4]). Let γ be a rectifiable Jordan curve in R2. Then H1(γ) =
P (int γ) = P (ext γ). In particular, H1-a.e. point on γ is in ∂m(int γ).
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Note that it follows immediately from Lemma 5.2 and Proposition 4.7 that the approximative
trace in W 1,p(Ω) is unique if Ω ⊂ R2 is the interior of a rectifiable Jordan curve.
Theorem 5.3. Let Ω ⊂ R2 be open and connected. Then for H1-a.e. z ∈ Γloc one has
D(Ω, z) ∈ {1
2
, 1}.
Proof. Due to Lemma 4.4 it suffices to show that H1(Γ0loc) = 0. Let z0 ∈ Γloc. Choose r > 0
sufficiently small such that H1(B(z0, 2r) ∩ Γ) <∞ and Ω \B(z0, r) 6= ∅. Set
Ω′ := B(z0, 2r) ∩ Ω ∪ (B(z0, 2r) \B(z0, r)).
Then Ω′ is bounded, connected and open with H1(∂Ω′) <∞ and the upper and lower densities
of Ω and Ω′ at z are equal for all z ∈ B(z0, r) ∩ Γloc. So we may assume without loss of
generality that Ω satisfies the conditions of Proposition 5.1 and we shall use the notation
introduced there. Note that the density properties of A and Ω are the same at every z ∈ R2
and therefore ∂mA = ∂mΩ. Moreover, D(Ω, z) = 1
2
for H1-a.e. z ∈ γ ∪⋃j γj.
Let z ∈ ∂Ω \ (∂mΩ∪ γ ∪⋃j γj). Then z ∈ ext γ is impossible, since otherwise there exists an
r > 0 such that B(z, r) ∩ int γ = ∅ and therefore 0 < H2(Ω ∩B(z, r)) = H2(A ∩B(z, r)) = 0,
which would be a contradiction. Similarly one shows that z ∈ ext γj for all j ∈ J . As z /∈ ∂mA,
we obtain D(A, z) ∈ {0, 1}. If
z ∈ intA = int γ \
(⋃
j
int γj ∪˙
⋃
j
γj \
⋃
j
γj
)
,
then D(A, z) = 1. Hence it remains to consider
z ∈ (int γ \ ∂mA) ∩
(⋃
j
γj \
⋃
j
γj
)
.
By [Mat95, Theorem 6.2] we may suppose in addition that
(3) Θ(γ ∪
⋃
j
γj, z) = 0.
Assume for contradiction that D(A, z) = 0. This implies that D(
⋃
j int γj, z) = 1. We may
suppose z = 0. Let ε ∈ (0, 1
3
). Then there exists an r > 0 such that the cube C = (−r, r)2
satisfies H2(C ∩⋃j int γj) > (4− ε)r2 and H1(C ∩⋃j γj) < εr. Hence there exists an N ∈ N
such that
(4) H2(C ∩
N⋃
j=1
int γj) > (4− ε)r2 and H1(C ∩
N⋃
j=1
γj) < εr.
SetK := C∩⋃Nj=1 γj and let P1 be the projection onto the first component. ThenH1(P1K) < εr
and for t ∈ (−r, r) \ P1K one either has
{t} × (−r, r) ⊂
N⋃
j=1
int γj or {t} × (−r, r) ∩
N⋃
j=1
int γj = ∅.
If one would have {t} × (−r, r) ∩⋃Nj=1 int γj = ∅ for all t ∈ (0, r2) \ P1K, then
(4− ε)r2 < H2
(
C ∩
N⋃
j=1
int γj
)
≤ 4r2 − 2r(1
2
− ε)r,
which is impossible. Hence there exists a t1 ∈ (0, r2) such that {t1} × (−r, r) ⊂
⋃N
j=1 int γj . We
may suppose that {t1} × (−r, r) ⊂ int γ1. Let t0 := sup{t ∈ [0, t1] : z = (0, t) ∈ γ1}. Then
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int γ1
int γ2
int γ3
Ω
z = 0 γ
Figure 3. A connected domain Ω ⊂ R2 such that, for a suitable choice of
parameters, H1(∂Ω) <∞, z = 0 is in ∂Ω ∩⋃j γj \⋃j γj and D(Ω, z) = 0.
t0 ∈ (0, t1) and z0 = (t0, 0) ∈ γ1. Moreover, as {t1} × (−r, r) ⊂ int γ1, there is a z1 ∈ γ1 ∩ ∂C.
Clearly dist(z1, z2) > r2 and thus H1(C ∩ γ1) > r2 by [Fal86, Lemma 3.4], which contradicts (4).
Consequently the assumption was incorrect and we instead have D(A, z) = 1. We have shown
that D(Ω, z) ∈ {1
2
, 1} for H1-a.e. z ∈ ∂Ω. 
The domain in Figure 3 shows that Ω can have density 0 at a limit point of
⋃
j γj in int γ,
but then (3) cannot be satisfied at that point.
The following is now an immediate consequence of Theorems 5.3 and 4.15.
Corollary 5.4. Let 1 ≤ p ≤ ∞ and Ω ⊂ R2 be open and connected. Then the approximative
trace in W 1,p(Ω) is unique.
So in [AW03, Examples 4.2 and 4.3] or [BG10, Section 3, last paragraph on p. 941] it was
essential to work in (at least) three dimensions in order to be able to construct a connected
domain with nonunique approximative trace. Moreover, Theorem 5.3 is of independent interest
since it applies in a wider context. For example, also in [BK10, Example 1] three dimensions
are necessary for a connected example.
6. Examples and applications
It is easy to see that for d ≥ 2 there are examples of open sets Ω ⊂ Rd such that the
approximative trace is not unique in W 1,p(Ω) for all p ∈ [1,∞) with Γps being independent of p.
For d ≥ 3 one can in addition require that Ω is connected. In fact, it suffices to consider an Ω
as in Figure 1 with radii that decrease suitably quickly or a domain as in [AtE11, Example 4.4].
We next present an example of a quasi-convex, connected, open set Ω ⊂ R3 where the
uniqueness of the approximative trace in W 1,p(Ω) depends on the value of p. More precisely, in
this example there exists a p0 ∈ (1,∞) such that the approximative trace is unique for p > p0
and not unique for p < p0. We need the following notation and proposition from [BS01]. Let
Ω ( Rd be open and connected. Let α ∈ (0, 1]. For all x, y ∈ Ω one defines
dα,Ω(x, y) := inf
γ
∫
γ
(
dist(z, ∂Ω)
)α−1
dz,
where the infimum is taken over all rectifiable curves in Ω connecting x and y. This defines
a metric with respect to which elements of W 1,p(Ω) are uniformly continuous for a suitable
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L0
S
L1
W1
L2
W2
L3
W3
...
Ω1
Ω2
Figure 4. On the left the wireframe structure W is depicted, while on the right
the union of Ω1 = W1 +B(0, r1) and Ω2 = W2 +B(0, r2) is shown.
p = p(α) > d. The case α = 1 corresponds to p = ∞, in which case this boils down to
the well-known fact that elements in W 1,∞(Ω) are uniformly continuous with respect to the
geodesic distance in Ω.
Proposition 6.1 (cf. [BS01, Theorem 3.2]). Let Ω ( Rd be open and connected. Let p > d
and α := p−d
p−1 ∈ (0, 1). Then there exists a constant C = C(d, p) such that for all u ∈ W 1,p(Ω)
and x, y ∈ Ω one has
(5) |u(x)− u(y)| ≤ C(dα,Ω(x, y) + |x− y|α)(p−1)/p‖∇u‖Lp(Ω).
Example 6.2. In order to construct the desired domain Ω we start by describing an auxiliary
wireframe structure W in R3 that is depicted in Figure 4. Informally, the wireframe structure
W is composed of refining dyadic grids in countably many layers stacked on top of each other
with connections from the grid points of one layer to the corresponding grid points of the
following layer.
We think of the z direction as pointing upward and start with the edges of an axis-aligned
unit cube in R3. The plane containing the bottom face of the unit cube (say z = 0) we consider
as the zero-th layer, the plane containing the top face (z = 1) as the first layer. We add to the
wireframe the edges of four cubes with side length 1
2
that rest in a regular axis-aligned grid on
the top face of the original unit cube. The plane containing the top faces of these four cubes is
the second layer. In the next step we add the edges of 16 cubes with side length 1
4
resting on
the second layer. We continue this construction to obtain the wireframe structure W ⊂ R3 as
the union of all the arising edges. Note that the height of the structure is
∑∞
k=0 2
−k = 2 and
that W contains the closed unit square S above the wireframe at height 2. The intersection of
W with the Nth layer is a regular grid composed of 4N squares with side length 2−N . The grid
on layer N − 1 is connected to that on layer N by (2N−1 + 1)2 vertical lines of length 2−(N−1)
connecting the corresponding grid points. The wireframe structure W is depicted in Figure 4.
We define LN :=
∑N−1
k=0 2
−k = 2(1− 2−N ) for all N ∈ N0 and set WN := {p = (x, y, z) ∈ W :
LN−1 < z ≤ LN} for all N ∈ N.
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Next we construct Ω ⊂ R3 by suitably ‘blowing up’ the set W ∩ {(x, y, z) : z > 0}. Let a
sequence (rk)k∈N in (0,∞) be given that decreases sufficiently quickly. A suitable choice for
(rk) will be specified later. We set ΩN := WN +B(0, rN) and Ω :=
⋃
N∈N ΩN . Clearly ΩN and
Ω are connected open sets. It can readily be verified that Ω is quasi-convex, i.e. the intrinsic
geodesic distance in Ω is comparable with the Euclidean distance.
As H1(WN ) = 2(2N + 1) + 2−(N−1)(2N−1 + 1)2 (which grows like 2N ), we obtain for a suitable
C > 0 the estimate
H2(∂Ω) ≤ H2(S) + C
∞∑
k=1
2krk.
To ensure that H2(∂Ω) <∞, we require
(6)
∞∑
k=1
2krk <∞.
The volume of ΩN is of the order 2Nr2N . Obviously (6) implies that |ΩN | → 0 as N → ∞.
Moreover, it is straightforward to check that Ω has density 0 at S.
For all N ∈ N let uN ∈ W 1,p(Ω) ∩ C(Ω) be such that
uN(x, y, z) =

0 for z ≤ LN−1 + 142−(N−1),
1 for z ≥ LN−1 + 342−(N−1),
2N(z − LN−1 − 142−(N−1)) otherwise.
Then ∫
Ω
|DzuN |p = (2N−1 + 1)2
∫ 2−N
0
2pNpir2N dt ∼ 2(p+1)Nr2N .
If p ≥ 1 and (rk) are such that
(7) 2(p+1)Nr2N → 0
as N → 0, it follows that S ⊂ Γps (up to an Hd−1-nullset). In particular, in this case the
approximative trace is not unique in W 1,p(Ω).
We now show that the approximative trace is unique for suitably chosen (rk) provided p > 3
is sufficiently large. First note that Ω has strictly positive density everywhere on the rectifiable
(and, if fact, locally Lipschitz) boundary ∂Ω \ S. So by Proposition 4.7 it suffices to control
the approximative trace on S. Fix z ∈ S. For all N ∈ N let xN be one of the grid points in
the Nth layer of W with minimal Euclidean distance to z. Clearly |xN − z| → 0 as N →∞.
We show that (xN) is Cauchy with respect to dα,Ω for α := p−3p−1 provided
(8)
∞∑
k=1
2−krα−1k <∞.
Observe that
dα,Ω(xN−1, xN) ≤ 2
∫ 2−(N−1)
0
rα−1N ∼ 2−Nr−2/(p−1)N
by taking the obvious Euclidean geodesic from xN−1 to xN inW . So the distances dα,Ω(xN−1, xN )
are summable over N if (8) holds, in which case, by estimating telescopic sums, it follows that
(xN) is Cauchy with respect to dα,Ω.
Suppose now that (xN) is Cauchy with respect to dα,Ω and that (un) is a sequence in
W 1,p(Ω) ∩ C(Ω) such that un → 0 in W 1,p(Ω). As p > d = 3, one has un(x)→ 0 for all x ∈ Ω.
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For the uniqueness of the approximative trace in W 1,p(Ω), it suffices to show that |un(z)| → 0
as n→∞. One has
|un(z)− 0| = lim
k→∞
|un(xk)|
≤ lim
k→∞
|un(xk)− un(xl)|+ |un(xl)|
≤ lim sup
k→∞
C
(
dα,Ω(xk, xl) + |xk − xl|α
)(p−1)/p
+ |un(xl)|,
where we used (5) in the last step and the constant C > 0 does not depend on n, k and l. Let
ε > 0. As (xN) is Cauchy with respect to dα,Ω and convergent with respect to the Euclidean
distance, we can choose n0 ∈ N such that the term with the limes superior is less than ε for all
l ≥ n0. Because un(xl)→ 0 as n→∞, we may assume that |un(xl)| < ε for all n ≥ n0. This
proves that un(z)→ 0 as n→∞ for all z ∈ S.
Finally, suppose that rk = 2−ck 1k2 . Then for (6) it suffices to require c ≥ 1. By (7) it follows
that the approximative trace is not unique if p ≤ 2c− 1. Moreover, by (8) and the above, the
approximative trace is unique if p > 2c+ 1. In combination with Lemma 3.6, this shows that
there exists a p0 ∈ [2c− 1, 2c+ 1] such that the approximative trace is unique in W 1,p(Ω) for
p > p0 and not unique for p < p0. Note that if one chooses c > 2 then one certainly has p0 > 3.
Remark 6.3.
(a) It is clear that Example 6.2 can be adapted to the case d ≥ 3. However, we neither
know the exact value of p0 in Example 6.2, nor what happens at p0. We showed that Γps = ∅
if p ∈ (p0,∞] and Γps = S if p ∈ [1, p0 − 2) (up to H2-nullsets), but we did not prove that
Γps ∈ {∅, S} for all p ∈ [1,∞], even though this seems likely.
(b) It would be interesting to be able to pinpoint any given p0, in particular for the case
p0 ∈ [1, d]. Observe that our arguments only locate p0 within some interval. In particular, for
d = 3 we cannot guarantee that p0 ∈ [1, 3) since we need p > 3 for Proposition 6.1.
(c) While it is easily seen that in dimension one the approximative trace is always unique,
it might be interesting to investigate whether the uniqueness of the approximative trace is
p-dependent in two dimensions. Note that for our argument in Example 6.2 it was essential that
Ω was connected. However, Corollary 5.4 implies that in two dimensions the approximative
trace is always unique if Ω ⊂ R2 is connected.
(d) The example shows that, at least for p sufficiently large, the approximative trace can
be unique in W 1,p(Ω), even though Ω has density 0 on a part of Γloc with positive Hausdorff
measure. We point out that Ω can have density zero at Γinf without leading to nonuniqueness of
the approximative trace, see Figure 2 or a suitably modified version of [Bie05, Example 2.5.5].
Thanks to Example 6.2 we can formulate the next proposition.
Proposition 6.4. Let Ω ⊂ Rd be open. Then in general the relatively p-polar subsets of ∂Ω
modulo Hd−1 depend on p ∈ (1,∞). In particular, it is possible that ∂Ω is p-admissible for
some p ∈ (1,∞), but not for others.
We next use Example 6.2 to address the following question, which was raised for p = 2 in
the last paragraph of [AtE11, Section 4]: If Hd−1(∂Ω) < ∞ and every element u ∈ W˜ 1,p(Ω)
has an approximative trace in Y = Lp(∂Ω), is then the approximative trace unique on Ω? Here
we ask for convergence in Lp(∂Ω) on the boundary.
Example 6.5. We use the notation from Example 6.2. We suppose that p > 3 and p ≤ 2c− 1.
In particular, c > 2. So the approximative trace in L1loc(Γ) is not unique and Γps = S. The
sequence (uN) constructed in Example 6.2 also shows that the approximative trace in Lq(∂Ω)
is not unique for all q ∈ [1,∞).
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We shall show that for suitable c, p and q every element of W 1,p(Ω) has an approximative
trace in Lq(∂Ω). Observe that every u ∈ W 1,p(Ω) has a continuous representative in C(Ω) that
has a (unique) continuous extension to ∂Ω \ S since Ω has Lipschitz boundary locally at every
point of ∂Ω \S. Fix u ∈ W 1,p(Ω). By considering u(1−uN ) instead of u, we only need to show
that u has an approximative trace in Lq(∂Ω \ S). Hence it suffices to show that the continuous
extension of u to ∂Ω \ S (in the following also denoted by u) is in Lq(∂Ω \ S).
Let SN := ∂ΩN . Then H2(SN) is of the order 2NrN . Fix N ∈ N with N ≥ 2 and z ∈ SN .
We want an estimate of |u(z)| based on the values of u in Ω1. Let w ∈ W ∩ ΩN such that
|z − w| is minimal. Let y be a grid point in the Nth layer of W such that |w − y| is minimal.
Let x be a grid point in the 0th layer of W such that |y − x| is minimal. Now
dα,Ω(x, z) ≤ dα,Ω(x, y) + dα,Ω(y, w) + dα,Ω(w, z)
.
N∑
k=1
2−krα−1k + 2
−Nrα−1N +
∫ rN
0
tα−1 dt
. N2−Nrα−1N = N2−Nr
−2/(p−1)
N .
Although 2−Nrα−1N tends to ∞ as N →∞, the previous estimate allows to bound the values of
u on SN and hence their growth towards S. In fact, by (5) we obtain
|u(x)− u(z)| ≤ C(dα,Ω(x, z) +
√
6)(p−1)/p
. N2−
p−1
p
Nr
−2/p
N ,
where we can omit the constant additive term since the estimate for dα,Ω(x, z) dominates. By
truncating u appropriately, we may without loss of generality assume that u = 0 on Ω1 and
therefore u(x) = 0. Hence
|u(z)|q . N q2− (p−1)qp Nr−2q/pN
for all z ∈ SN , where the constant is uniform in z and independent of N . We obtain∫
∂Ω\S
|u(z)|q dH2(z) .
∞∑
k=1
H2(Sk)kq2−
(p−1)q
p
kr
−2q/p
k
.
∞∑
k=1
kq2
(
1− (p−1)q
p
)
kr
1− 2q
p
k .
So the approximative trace of u is in Lq(∂Ω \ S) if
(2c− p+ 1)q < (c− 1)p.
For q = p this is satisfied if c+ 2 < p. So if we choose c = 5 and p = 9, then the approximative
trace is not unique in W 1,p(Ω), but every u ∈ W 1,p(Ω) has an approximative trace in Lp(∂Ω).
In fact, for c = 5 and p = 9 the above shows that the approximative traces restricted to ∂Ω \ S
are in Lq(∂Ω \ S) for all q ∈ [1, 18).
Remark 6.6. While Example 6.5 does not give a counterexample to the exact question raised
in the last paragraph of [AtE11, Section 4], i.e. in the setting p = q = 2, it indicates that an
affirmative answer to this question is not to be expected.
We briefly compare the approximative trace to Maz′ya and Burago’s rough trace for elements
of BV(Ω). For the required details we refer to [Maz11, Section 9.5.1, Theorem 9.5.4 and The-
orem 9.6.2]. A closely related notion is considered in [Zie89, Section 5.10 and Theorem 5.10.7].
More recently, the rough trace was studied for more general domains with rectifiable boundary
in [BK10], and an extension of Theorem 6.8 below can be found in [BK10, Theorems 2 and 6].
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Definition 6.7. Let Ω ⊂ Rd be open. For u ∈ BV(Ω) and z ∈ ∂mΩ define the rough trace
of u in z by
u∗(z) := sup{t ∈ R : z ∈ ∂m[u > t]}.
In [Maz11, Section 9.5.1] the rough trace is defined slightly differently with respect to the
reduced boundary instead of the measure theoretic boundary. This is inconsequential for
the following theorem. It is possible to characterise the boundedness in L1(∂Ω) of the rough
trace under the assumption that Hd−1(∂Ω) < ∞ and Hd−1(∂Ω \ ∂mΩ) = 0. Note, however,
that the latter assumption already implies uniqueness of the approximative trace for all p by
Proposition 4.7.
Theorem 6.8. Let Ω ⊂ Rd be open with Hd−1(∂Ω) < ∞ and Hd−1(∂Ω \ ∂mΩ) = 0. Then
there exists a C > 0 such that
(9) ‖u∗‖L1(∂Ω) ≤ C‖u‖BV(Ω)
for all u ∈ BV(Ω) if and only if there exists a δ > 0 and M > 0 such that for all A ⊂ Ω with
diamA < δ one has
(10) Hd−1(∂mA ∩ ∂Ω) ≤MHd−1(∂mA ∩ Ω).
Moreover, if these equivalent conditions hold, then
u∗(z) = lim
r→0+
1
|B(z, r) ∩ Ω|
∫
B(z,r)∩Ω
u(y) dy
for Hd−1-a.e. z ∈ ∂Ω.
So if Hd−1(∂Ω) < ∞, Hd−1(∂Ω \ ∂mΩ) = 0 and (10) holds for Ω, then every element of
W˜ 1,1(Ω) has a unique approximative trace in L1(∂Ω) by (9) as one has ‖u‖BV(Ω) = ‖u‖1,1 and
u|∂Ω = u∗ for all u ∈ W 1,1(Ω) ∩ C(Ω). In [AtE11, Theorem 1.3] there is a version of (9) for
the case p = 2.
We finally point out two applications for the results obtained in this paper. In [DD09,
Section 4, Robin boundary conditions] it is of interest when the approximative trace with
values in Lp(Γ) in W 1,p(Ω) is unique, in which case they call the domain Ω admissible. The
present paper provides geometric criteria for when this is the case.
Moreover, the results and techniques developed in this paper will be helpful for the program
suggested in [BD10, Section 6] to extend their proof of the Faber–Krahn inequality for the Robin
Laplacian to general domains, where the Robin Laplacian on general domains is defined as
in [Dan00] and [AW03]. While the validity of the Faber–Krahn inequality has been established
more generally in [BG10], we strongly expect that the approximative trace considered here is
the appropriate notion for the setting of [BD10].
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